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The model of an anisotropic ,  layer l ike  medium is often employed in p rob lems  of e l ec t romag-  
netic probing,  and many pape r s  have been wri t ten on the propagat ion of an e lec t romagnet ic  
field in such media.  A sys temat ic  exposition of such prob lems  was set  out by Tikhonov, Sku- 
garevskaya ,  and Dmitr iev [1-6]. In this p a p e r  we shall const ruct  an asymptot ic  for  the e lec-  
t romagne t ic  field of a point source  lying above a layer l ike  medium of finite anisotropy having 
a fa i r ly  high longitudinal and t r a n s v e r s e  conductivity,  o r  in which the source  l ies at a con- 
s iderable  height above the medium. The pr inc ip les  here  laid down for  the construct ion of the 
asymptot ic  indicate quite c lear ly  under what c i r cumstances  the asymptot ic  is feasible,  and if 
n e c e s s a r y  allow the next approximat ions  to be taken into account. 

Let  us introduce a rec tangula r  Car tes ian  spatial  coordinate sys tem x 1 , x 2, x 3 and cons ider  that  the dielectr ic  
constant  ~ and conductivity adependso l e lyononecoo rd ina t exa ,  while the magnet ic  permeabi l i ty  is # = 1. 
The upper I ia l f - space  (x 3 >0) has constants  ~, a and the lower ha l f - space  (x 3 < 0) var iable  values of these quan-  
t i t ies.  Since we a re  consider ing anisotropic  media  in which these cha rac t e r i s t i c s  a re  different in the hor i -  
zontal and ver t i ca l  di rect ions ,  we have e m =  Cm(X3), a m  = am(X3) (m = 1, 2, 3 a re  the numbers  of the 
Car tes ian  axes) .  As r ega rds  the functions ~m and a m  we shall consider  that these a re  continuous in each of 
the c losed segments  

xs~ ~ xs~ xap_l (p = i, 2 . . . . .  n --  l), 

where  n is the number  of l aye r s  of the l o w e r  half -space.  Above the layer l ike  medium at a point with coordi -  
nates  (xl0, xz0 , h, where  h > 0) is a radiat ing source  of  intensity Im =.) m elan, where  O'm is the amplitude 
of the cu r r en t  in the direct ion m; w is the angular  frequency. The problem consis ts  in finding the e lec t ro -  
magnet ic  f ield of this radia tor .  Let us cons ider  the field in the upper half space (x ~ > 0 ). In this sys tem of 
coordinates  for  g > 0 the components of the vec to r  potential  u satisfy three  inhomogeneous Helmholtz equa- 
t ions 

Au~ + k02u~ = / ~ ,  (1) 

for  ~ < 0 they sat isfy the homogeneous Helmholtz equations 

I , 2  Au.~ -~ kmum : 0 (2) 

when m = 1, 2, and an equation of the type 

when m = 3. Here 

-= xl/h; II = xJh;  ~ :  xJh;  

kZ = (o~P, oera __/(OlXoOra)h~ z ~ . 2 : a m  (c~)  - -  zbr , ,  (;); 
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~.~ = k2/k~, k~ = k~ with m ---- ~, 2; h is the Laplace operator; 

where ~, ~ x~o/h; ~h ~ x~ao/h; 6 is the Dirac delta fimction. - 

At the po in t s  of  d i scont inu i ty  of  the  funct ion k~m, when  ~ = ~p 

(~v= xav/h)(p  = 0, i, 2 . . . . .  n - l),where~0 ~ 0, k~ ( §  ~0) = k0 ~, 

the  fol lowing " s p l i c i n g "  condi t ions  should  be  sa t i s f i ed :  

[u.~(~v)l = 0 (m = t ,  2, 3), [Ou,,,(~v)/O~] = 0 

= l ,  = 0 ,  

the s q u a r e  b r a c k e t s  denot ing d i scont inu i ty  of  the  funct ions  

[u (G)t = u (~, n, ~)1~=:~+o- u (~, n, ~)[~=:~-o. 

(4) 

In addit ion to th i s ,  u m sa t i s f i e s  the  condi t ions  of  r ad ia t ion  at infinity.  

F o r  ~ < 0 we  in t roduce  the  nota t ion  b z = - ( m i n / ~ )  (Rekt+  Irnk2), d ~ = k~/b  ~. The  p a r a m e t e r  b > 0 is  
a s s u m e d  l a rge .  Le t  us c o n s t r u c t  the  a s y m p t o t i c  of  the  funct ions  Um(~, 7/, g) wi th  r e s p e c t  to r = 1 /b .  F o r  this  
p u r p o s e  we  apply a F o u r i e r  t r a n s f o r m a t i o n  in the v a r i a b l e s  ~, ~? to the p r o b l e m  (1)-(4) and obtain the fol lowing:  

f o r  ~ > 0 

O~rn 2 = 
o ~  - -  qou,~ - ]~ (m = 1, 2, :~); 

w h e r e  

f o r  ~ < 0 when m = 1 , 2  

O"-fim 2 = 
0~2 - - q m u m = 0 ;  

O ~ ] - - ~ " q 3 u 3 : - - i ( ~ / - - l )  ( ~ z u x + f u ~ ) + g k ~ - - ~ _  ( a ~  ~- ~u~); [u--., (~v)l = 0 

[-g-(~,)l = o (m =~, 2); ~ ( -  ~ ( ~ )  - ~ ( ~ , )  + o;~ 

y co 
um : ,I u ~  (~,  ~1, ~) e i(~+t~n) d~d~;  

- -  kin, Re qo, qm ~ 0. 

( m =  i, 2, 3); 

Le t  us i n t roduce  the function Vm(~) = Um(~) - W m ( ~ ) ,  w h e r e  w m a r e  the so lu t ions  of  the  p r o b l e m s  
f o r ~  > 0 

O2w m 
0~ 2 q~wm=T~ for w , ~ ( O ) = O , w . ~ ( - - o ~ ) = : O ( m = t , 2 ) ;  

o~w3 2 Ow3 {0,~ o~ q~w~=~ for o ~ ' ~ '  O, w s ( - - ~ o ) = O .  

The  funct ions  v m a r e  def ined a s  the  so lu t ions  o f  the fol lowing bounda ry  p r o b l e m s :  

�9 a2v m 9 
"O~2---q~Vm : - O ( m = i , 2 , 3 , ) f o r  ~ 0 ;  

02Vm--q~,~v~=O(m= t, 2) for ~ 0 ;  

At the b o u n d a r y  ~ = 0 when m = 1, 2 the  funct ion Vm(~) is cont inuous  but  i t s  de r iva t ive  unde rgoes  a 
d i scont inu i ty ,  

(5) 

= - ( o > ,  
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a t  the  o t h e r  i n t e r f a c e s  f o r  ~ = ~p ( p  = 1, 2 , . . .  , n  - 1 )  Vm(~) and V~n (5) a r e  con t inuous  

[v~ (~p)] = [vm (~v)] =,0. (6) 

F o r  m = 3 the  func t ion  v 3 (g) s u f f e r s  a d i scon t inu i ty  a t  the  b o u n d a r y  ~ = 0 

Ivy(0) l = --w~(0) ,  (7)  

whi l e  f o r  ~ = g p ( p  = 1, 2 , . . .  , n - l )  v3(g)  i s  con t inuous  

[v~ (~v)] = 0. 

In addi t ion  to th i s  f o r  g = gp (p = 0, 1, 2 , . . .  , n  - 1) we  have  

[(~/k, ~) ( -  ~ v l ( ~ ) -  i~v~ ( r  ~ (r = 0 

At inf ini ty  the  func t ions  V m ( D  ( m  = 1, 2, 3) t end  to ze ro .  Fo l lowing  [7], in p l a c e  of  the  funct ion v3(~) we  in -  
t r o d u c e  the  funct ion z ( D  by  m e a n s  of  the  equa t ion  

z(~) = v3(~) - l~1(~ 2 + ~ )l ((z ~ + f~ o;/" (s) 

F o r  the  funct ion  z(~) w e  then  have  the  s i m p l e r  b o u n d a r y  p r o b l e m  

o~z/o~ 2 - -  q~z = 0 fo~ ~ > O, (9) 

At the  b o u n d a r y  ~ = 0 we  have  the  condi t ion 

�9 . d _  ~ O w ~  .0 A [~ (o)] = - ~,~(0) + I~/(~ ~ + ~)] (~ ~ ( 0 ) ,  ~ ~ ( ~1, 

a t  the  o t h e r  b o u n d a r i e s ,  f o r  ~ = ~:p (p = 1, 2 , . . .  , n -  1) 

[z(~)]  = o, [ k' z o~ (~p) = o. (lO) 

S ta r t ing  f r o m  the  f ac t  ~hat f o r  ~ _ 0 the  func t ions  Vm(~) ( m  = 1, 2) and z(~ ) t ake  the  f o r m  

v.~(~) = A.~ e -q~ z ( ~ ) =  A~e  -q~ 

and t h e i r  d e r i v a t i v e s  a r e ,  r e s p e c t i v e l y .  
cOY m Oz 

o~ ( ~) = - q o v . ~ ( ~ ) , - 8 - ~ ( ~ )  = - qoz (~) '  

w e  m a y  t r a n s f o r m  the  b o u n d a r y  condi t ions  a t  the  b o u n d a r y  ~ = 0 
Ov m Ow ra 

o~ ( -  o)  = - qoV~ ( -  o) + -W~ (0) (m = 1.2); ( n )  

~o ~ o~(-o)  qo ~-8~ (0) , ~ (0) (i2) qo z ( - O ) +  ~ ,  o~ = q o w ~ ( O )  ~ + ~  - ~  �9 

T h e  p r o b l e m  i s  thus  r e d u c e d  to f inding the  func t ions  Vm(~) (m = 1, 2) and z(~) fo r  ~ < 0, so  as  to  
s a t i s f y  the  o r d i n a r y  d i f f e r en t i a l  equa t ions  (5) and (9) wi th  b o u n d a r y  condi t ions  (11) and (12) f o r  ~ = 0, and 
condi t ions  (6) and  (8) f o r  ~ = ~p (p = 1, 2 , . . . ,  n - 1) .  At inf ini ty  the  func t ions  v m(~)  (m = 1, 2 ) ,  z(~) t end  to 
z e r o .  Le t  us  c o n s t r u c t  the  a s y m p t o t i c  f o r  th i s  p r o b l e m .  To  th i s  end w e  m a k e  the  subs t i tu t ion  ~ = t~ ( t _ 0) 
in the  equa t ion  and  b o u n d a r y  condi t ions  

O~vmlOt ~ + ~ v ~  = (&-+ [~-~)e~v,,~ (m = i ,  2); (13) 

Ov m (0) Ow n 
Ot qoVra ( O ) s -J C -~-  (0) s (15) 

[vm(tv)] -- i_ ot ( t ~ ) = 0  ( p = t ,  2 . . . . .  n - - t ) ;  
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qoz(O)~ ~-~ ot (0)=qoW3(0) a ~ + ~ : \ . - g ~ ( 0 ) + ~ ( (  )),[z(tp)] = k-~t-bT-(t ~) = 0 ( p = l , 2  ..... n - - i ) .  (16) 

We seek the solution to the p rob lem (13)-(16) in the form of a s e r i e s  

e~v~ + R~.~ ( re=t ,  2), z k e~z~ + Rs, (17) U r r t  = ~ ~ = 

i=i ~=0 

where Rrns and R s are the residues of the series. 

Substituting Eqs. (17) into the equations and boundary conditions of problem (13)-(16), we obtain a set of 
equations and boundary conditions for the successive determination of VmD v~,..., z0, zl,.~ 

O~v,~flOt 2 + d~v,~ = (z. ~ + ~)  v~_~ (m = 1, 2), (] = i, 2 ..... s), (t8) 
(vmj = 0 for ] ~-~ 0); 

Ozi 
d W -~r-~ + d ~ z ~ = ( ~ + ~ ) z ~ - ~ ( t ) ( z ~ = O  fo~ ] < 0 ) ;  (19) 

O~m(O) 
o%flO)ot qov~-dO)q o~ ' (20) 

Ow m FOrm1 ] 
ot (O)=Ofor ]>i,[vm~(t~)]= ~-W- (t~)] = 0 

(p = t, 2 .. . . .  ( n - -  i); 

" Oz/O)._~: w'~-[J~ / OWl Ow~ ~] qo  (o) = (o) (21) 

(o)= ow ,o, = , >  o), 
r I i  Oz(tp) 

i~,(o)] = L - ~ - - ~ - j  = o  ( p =  t, 2 ..... n - -  i ) .  

At infinity the functions Vmj and zj tend to zero.  For  t < 0 the functions Vmj and zj a re  found as the 
solutions of the dif ferent ia l  equations (18) and (19) in which the r ight-hand sides a re  known, subject to the 
conditions (20) and (21). If we know Vmj for  ~ < 0, then Vm(~) may be de te rmined  for  ~ > 0 in the form 

s 
vm (~) = ~/.~ (eJVmj(O)~ Rms(O))e--q~ = t, 2). (22) 

If we know zj (~) for  ~ < 0, the function v~(~) is de te rmined  for ~ > 0 on taking account of (7), (8), and 
(22): 

s [ i a ORls 0/~2~ ) ~- 
v3 (~) = ~=o,~ (~5 ~ (o) + ~ . ~  ( ~ , + ~  (o) + ~ j+~  (o)) - ~.  (o) + n~ (o) + -W (o) + w-~ (o))e ~~176 

Knowing Vm(g) (m = 1, 2, 3) ,  we may find Um= Vm(~) + Wm(~), and then, a f te r  executing an inverse  Four i e r  
t r ans format ion ,  we obtain the solution to the p rob lem (1)-(4) for  ~ _ 0 

i !~ ~=~lj~ I ~1 (~jv'i(O)§ I u m (~, ~1, ~) = ~ , Rm s (0)) e -q~ +wm (~) e--i(ai+~n)dad~; (23) 

ud(~, ~, ~) = ~-~ d zj (0) -r  ~-~_, ~ o~ • 
--e~ --r 

• (av,i+i (0)~-[~v2)+l (0))] wa(0)+ Ra~(0)}e -qo: + w, (~)> e-'Car (24) 

where  

Using Eqs. (5) 
asymptot ic  (18)-(21), we obtain the equations and boundary conditions for  the res idues  Rms , R s 

O~Rm8 2 
- ~ "  - -  qm/G~ = ( ~ + ~ ) ( V m s - - i  + Yms) 

( m = t , 2 ) , v m ~ = 0  for s ~ i ;  

OTlls 8B2. 
Rs,(o) = &(o)  + - ~ -  (o) + - ~ ( o ) .  

and (9) [subject to boundary conditions (11), (12), (6), and (10)] and the definition of the 

(25) 
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(26) 

z s = 0 for S < 0, Rrn o = v m minus the exact solution (m = t ,  2); 

OR,~ (0) 
a~ + qoB,.~ (0) = - -  qoV.,~(O), 

[ R m , ( ~ , ) l = [ ~  0 ( p =  t ,  2 . . . .  , n - - l ) ;  

o'~.(6i k~o R~(0) = o, 
o~ + ~-~[ 

_ [ •  o ,  ] 
[ n , ( ~ ) l  - [  ~2 -~- (~.) = o ( p  = ~, 2,  . . . .  ~ - i ) .  

(27) 

(28) 

In a d d i t i o n  to  t h i s  l~ms , R s t e n d  to z e r o  a t  inf in i ty .  In o r d e r  to  s u b s t a n t i a t e  the  a s y m p t o t i c  so c o n s t r u c t -  
ed ,  w e  m u s t  e s t i m a t e  the  r e s i d u e s  R m s  (m = 1, 2,  3 ). F i r s t  w e  ob ta in  an a p r i o r i  e s t i m a t e  of  t he  a c t u a l  a p -  
p r o x i m a t i o n s .  F o r  t h i s  p u r p o s e  w e  u s e  the  e n e r g y  m e t h o d ,  and  fo l lowing  [8] i n t r o d u c e  the  func t iona l  H i l b e r t  
s p a c e  H0 in t he  i n t e r v a l  ( - ~ ,  0 ) w i t h  the  s c a l a r  p r o d u c t  

0 

(v, u ) =  S e-- '~v-ud['  ( v , v ) = @ 2  

a n d  a l s o  t h e  H i l b e r t  s p a c e  H wi th  t he  s c a l a r  p r o d u c t  
0 0 

0v 0~ dE, (29) 
- - r  - - c o  

(~, ~). = 1,Vl~, 

w h e r e  v i s  a c e r t a i n  c o n s t a n t  0 < v < b; e -u~  i s  a w e i g h t i n g  funct ion.  

The  s p a c e s  H0 a n d  H m a y  b e  c o n s i d e r e d  a s  c l o s u r e s  w i th  r e s p e c t  to the  n o r m  II II, II ilH of  a s e t  of  
f unc t i ons  d e f i n e d  on the  s e m i a x i s  [ - ~ ,  0], con t inuous  ( t o g e t h e r  wi th  t h e i r  f i r s t  d e r i v a t i v e s )  and  equa l  to z e r o  
o u t s i d e  a c e r t a i n  s e g m e n t  I - a ,  0]. 

W e  s h a l l  s u b s t a n t i a t e  the  s y s t e m  f o r  the  c a s e  of  " m o d e l "  p r o b l e m s .  

C o n s i d e r  t h e  equa t ion  

Lx  ~--. x" - -  b~x = h (30) 

w i t h  the  b o u n d a r y  c o n d i t i o n s  

and  the  equa t ion  

x'(O) i -  Ax(O) = 1(0), [x(~p)] = [x'(~v)l = 0 (31) 

(p ---- 1, 2 . . . . .  n - -  t ) ,  x(--co)  = 0 

(32) 

w i th  the  b o u n d a r y  c o n d i t i o n s  

Ax(O) + Bx'(O) = Ix(0), [x(~p)] = [(t/k'-)x'(~p)l = 0 (33) 

(p = t ,  2 . . . . .  n - -  t ) ,  x(--o~) = 0. 

The  c o m p l e x  func t ions  b l  = b~ (~), k 2 = k 2 (~) a r e  p i e c e w i s e  con t inuous  I k2(~) [ > 0, ~ = ~p ( p  = 1, 
2 , . . .  ,n - 1 ) a r e  t h e i r  p o i n t s  of  d i s con t inu i t y .  Le t  us  deno te  

b 2 ---- rain (Re b22 + Im b 2) > 0. (34) 

T h e  func t ions  h = h(~) ,  h 1 = hi (F)  , f = f(~) ,  fl = fl(~) b e l o n g  to the  s p a c e  H; A and  B a r e  c o n s t a n t s  Re  A, 
I ~  A_> 0, 

Re(B/A) -~ i m ( ~ A ) / >  0. 

By  the  s o l u t i o n  to  t he  p r o b l e m  (30), (31) and  (32), (33) we m e a n  a f u n c t i o n x =  x(~), cont 'muous  o n t h e  s e m i -  
a x i s  [ -  :r 0 ] ,  hav ing  con t inuous  f i r s t  and  s e c o n d  d e r i v a t i v e s  a t  e v e r y  p o i n t  e x c e p t  t he  p o i n t s  ~ = ~p,  a n d  a t  
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the points  ~ = ~p having l imit ing values  of the f i r s t  de r iva t ives  to the lef t  and right.  
a r e  sa t i s f ied  at  eve ry  point  of the s em i ax i s  ( - o o ,  0) ,  except  the points  ~ = ~p. 

LEMMA 1. If the function x = x(~) ~ H, the following e s t ima te  holds: 

lx(~)l  ~< (e~:/~tVT-) (Ix'J] (p = 0, t, 2 . . . . .  n - - i ) ,  ~o = 0. 

The p roo f  is  b a s e d  on the Cauchy-Bunyakovsk i i  inequality 

Ix(~)l ~ -  x'(t)dt = e e (t) dt <~ e~tdt 

whence Eq. (35) follows. 

LEMMA 2. 
e s t ima te  

Equations (30) and(32) 

S ~ M~' 

(85) 

Let the function x = x(~)  be  a solution of Eq. (30) subject  to boundary  conditions (31). The 

'12 b 2 ![ 2 tixit~,-.< c (llit!~/0 + t~l!/b0). (3~) 

is  then valid. The constant  C does not depend on f, h, b 0. 

Proof .  Let  us wr i t e  down the express ion  for  the r ea l  and imag ina ry  p a r t s  of the quadrat ic  fo rm of the 
o p e r a t o r  L -= (Lx, ~):  

0 :p--i 

- - ~  p = I  ~p 

0 m : p - - i  

I m ( h , x ) = I m f ( 0 ) x ( 0 ) - - I m A [ x ( 0 ) 1 2 + v l m  ~ e -v:  xTxd~-Im Z 
- -ao  p = i  : p  

b 2 ixl = e-V~d~ ; 

b 2 lx[2e -v :  d~, 

(37) 

(38) 

where  ~0 = 0, ~n = -~o. 

Adding (37) and (38), we obtain 

n ~ p - - I  

fix'l] 2 +  2 ; Ixl 2e-v:(Reb~+Imb 2) d E~-Ix(0)I~ x 
p ~ i  : p  

( ;  V R e  �9 •  + I m A )  =Re/ (0 )x (0 )  ~-Im/(0)x(0)  + e - ' ~  )~ 
\ ' - - c o  

0 _ '\ 

• x'xd~ -~ Im -=S e-~:x'xd~) -- Re(h, x) - -  Ira(h, x). 

Taking account  of Eq. (34), r e jec t ing  the nonnegative t e r m s  on the le f t -hand side,  we have 
0 

I[x'l/~-~ b21ixli~ <Ulf(O)l �9 Ix(O)l--{- 2v f e-'~x'xd~ t- 2i(h,x)t 

Applying inequali ty (35) to the f i r s t  t e r m  on the r ight -hand side and then applying the e l e m e n t a r y  inequali ty 

(FG) ~< -~[(l/5~)r]~[ ~ + 5211GI} ~ ] 

to all  the t e r m s  on the r igh t -hand  side,  and taking v = b 0 / 3  , we obtain 

lix'll ~ + b0 flxll ~ <~C (1/(O)l~/b~ + UhIl~/b~), 

and Eq. (36) follows f rom this if  we allow for  (29) and (35) in re la t ion  to the function f(0). 

LEMMA 3. Fo r  the solution of Eq. (32), subject  to boundary  conditions (33), a val id  e s t ima te  is  

Iz' (:~)l < c (e~:'~/y~)(iJhll + IIxll b~) (p =0 ,  ~ . . . . .  ~ - -  ~). 

The constant  C does not depend on h or  b 0. 

Proof .  Consider  the equations de r ived  f r o m  (32) and (33): 
:j--i 

~,(~_,)=k~ ~ ~(h~+b~)~, to=O, ~ o = - ~  

(39) 

(40) 
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W e have the inequality 

+2;;' 
To each t e rm  of the lat ter  inequality we apply inequality (35) ; allowing for 

C = [k21 max {mtax [k-~(g}[ ' ~ i ~ [ /  '_ 

we deduce Eq. (40). 

LEMMA 4. Let x = x(g) be the solution to Eq. (32) subject to the boundary conditions (33). A valid es- 
t imate  is then 

2 1~ 2 
�9 ~ b0 } 

The constant C does not depend on A, hi ,  fl, b0- We may write down the expression for the .real and 
imaginary par ts  of the quadratic form of the operator  L~ ~ (L~x, ~) 

�9 _ _  n-- I  2 " n ~p--I 
Re(h~, x)---- Re ] (~ (0)-- ReAB_---- Ix'(0)~ ~- R e ~  e--V~Vx(~v) x' (~v)(t _k~+~ ~ +vRe ~ .I e-~r 

~p--I n Cp-- ,  r 1 

--lie ~ y. e-'~Ix'{'d~--Re ~ .( e-Vr Be~ ~- e-"*Tz'x'M(~)d:, 
~=i  ~p p = t  ~p m=l ~;p 

�9 ' ~ - - t  " 2 �9 n | p - - I  Im(h"x)Iml('-O)x'(O)--Im} ] x ' ( O ) l A  -{- Im Z e--VtPx (~v) x' (~r) ( i _  k~+,k~ ]I q-v Im ~ .I 

n ~p--I n ~p-- i  n ~p--i 

--Ira ~ .f e--V:[x'l'd:--Im.Z S e-':'lxl2b~d:q-lm ~ y e-"*xx'M(r162 
- p = t  Cp p = t  ~p :o~--I :.p 

e-~'~ xx, d~ _ _  

Adding the resultant expressions,  we obtain 

n ~ p ~ f  ~p--1 

Z 5 e--'glxq2d~ -]- ~ .f e-'~lxl2(Re ~ 2 d b~-lm5a) ~ ~- 
p = t  ~p p=l ~p 

-alx'(O)l ~ Re +I ra  =lteT((_~247176247 
' A A 

+ Z e--V~v Rex(g~)x'(~) 1-- + Imx(gv)x'(~p) • 
p = l  

2 ~ n 
II + Z ,I' § k 2 }] p ~ l  ~p 

n ~p - - i  
+ ~ .[ [Re~-x'M(~)+Im xx'M(~)]d~--Re(hl, x) -- Im(h. x). 

Assuming that m~x I M(~) [ < C, remembering (34), and discarding nonnegative t e rms  on the left-hand side, 
we have 

ilx,ll* + b2ollxl]~2 [x'(0)l~- 2C, ~ e-~'~vlx(~,)l x 
' p ~ i  

n ~p-- i  

x {x'(~v)l~-2(v-t-C) ~ j' e-'~:{xllx'{d~"t-2}( h',x)}" 
P=i  ~p 

2 9 2  



Applying inequali ty (40) to the f i r s t  and second t e r m s  on the right and then applying inequality (39) to all the 
t e r m s  on the right,  taking v = b o / 3 ,  we have 

Ith~} 12 , iix'ii-'+   !ixil"<c ) 
f rom which we may deduce (41) if we allow for  (29) and the es t imate  (35) in relat ion to the function fl  (0). 

Let  us now es t imate  the Vmj and zj approximations f rom (18) and (19). We shall consider  that the con- 
stants C only depend on the p a r a m e t e r s  

max ] M ~ (~) 

THEOREM 1. In o r d e r  to solve Eq. (18) (m = 1, 2) subject  to the boundary conditions (20), and Eq. (19) 
subject to the boundary conditions (21), the following es t imates  a re  valid: 

Cmj I Ow m 0 
i i v , , . s l ! z , ~ i - T ~ - - ;  ( ) l q o l ~ - ' t m  = i ,  2), (42) 

Proof. 

C32j ( ,'l 
I i~12)J II ~L?3 (0 ) I -~  C]2_~ - ~2 ClC]-, -"~'~ (0) -~-l~ ~ \ 0 ) ) ) ,  ,]-: O. '~, 2~. (43) tl ~., [i- --< ~ ,.<-'. ~ .___L_l o,o, o..:, e . . . . .  .~.. 

Applying Lemma  2 success ive ly  to Eq. (18) (m = 1, 2) subject  to boundary conditions (20), where  

:~ (~) = v~s (t) ,  b 2 (~) = - -  d ~ (t) ,  ~ (~) = ( ~  + ~ )  vm~_.~ (~), A = 0,  

Ow m Ow m 
l (O)=--qoOm5--1-~  0"-'~- ( 0 ) ' ~ ( 0 ) = = 0  fo~ ] > J , ~ ) m i = 0 ,  ]<~0 

fo r  each j = 1, 2 , . . . ,  s, and using mathemat ica l  induction with respec t  to j ,  we obtain (42). Applying Lemma 
4 to Eq. (19) subject  to boundary condition (21), where  x(~)  = zj  ( t) ,  

b~(~) = --  d~-(t), kZ(~) = d2(t); h(~) = (a ~ § p2)z;_ 2 E2(t), A = q0, 

" o _ / '  , 

B .... kUbdLl~(O)=qou%(O ) ~2 _ ~  ~c,. --~( t u) ~ ~ _E~ (0)) ' for 1 > 0 ,  

a n d  p r o c e e d i n g  in  t he  s a m e  w a y  as b e f o r e ,  w e  o b t a i n  (43).  

THEOREM 2. In o r d e r  to solve Eq. (25) (m = 1, 2) subject  to the boundary conditions (27) and Eq. (26) 
subject to the boundary conditions (28) we have the following valid es t imates .  

q ~ , l ~ | a w [ ' 3  a '  (44) 

(~'~ § 6") ~<-~ / , 1 ( a~l I aw~ \ 
t i ,-,- l, j)(.= , .  ~__  ~ ,  o, ~j--~ ( O ) l +  O, 2 . . . .  ). (45) 

Proof .  Applying Lemma 2 to Eq. (25) (m = 1, 2) subject  to boundary condition (27), where  

x ( ~ ) = R ~ i ~ ) ;  b2 (~) =q~(~) ;h (~ ) - -  (ct2 + ~) (vm~_l  + v,~); A =  qo; 

/ ( 0 )  = - qoV~,(o); v,~ = o 

for  s _< 0, Rm0 = Vm minus the exact solution, and allowing for  (42), we obtain (44). Applying Lem m a  4 to Eq. (26), 
subject  to boundary condition (28), where  

x(~)  R ~ -  = s(s),  b2(~) = q2(~) ~ ;  hl(~) = ((z 2-[- b~)X~(~)(zs_l  -[- zs); 
k 2 " n  2 k~ A = q o ; B =  0/~t,; ( ~ ) = k 2 ( ~ ) ; z ~ = 0  f or s < 0 , ] l ( 0 ) = 0 ,  

a n d  a l l o w i n g  f o r  e s t i m a t e  ( 4 3 ) ,  w e  o b t a i n  (45) .  

T H E O R E M  3 ( t h i s  i s  p r o v e d  on  t h e  b a s i s  of  t he  t h e o r e m s  a l r e a d y  o b t a i n e d ) .  F o r  the  r e s i d u a l  Celazl 

Brns = ~ t  7 i Rms(0)e--q~ (46) 
--or --co 

(m = t ,  2, 3), (s = 0,  t ,  2 ...) 

of the solution of (1)-(4) for  ~ ___ 0 a valid es t imate  is 

IR,J ~ Cmffb~+ ~ (m = t,  2, 3), (s = 0, t . . . .  ). (47) 
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Proof .  The val idi ty  of  e s t i m a t e  (47) follows f r o m  e s t i m a t e s  (35), (44), and (45) and the bounded na ture  
of the in t eg ra l s  

~ l q ' o l ' e - q ' l , ~ d ~ , <  c ,  [ [q'ol'le-~'ld-~ < C,~r 
b b ~lqol 

I q'o i =  a~ ( ' f  +4- ~ 2 ' a ~ ., aS) + bo, Iqol = i / (V ~ - -  a~)" + b~. 

T h e s e  l a t t e r  i n t eg ra l s  a r e  obta ined if in (46) we m a k e  the subst i tut ion 

a = y c o s %  13= ys in% ~ : pcos~, ~1 = psin~l~. 

Be fo re  p rov ing  the  solubil i ty of p r o b l e m s  (18)-(21), (25) -(28), the solutions of which a r e  used in con- 
s t ruc t ing  the a sympto t i c ,  le t  us cons ider  an analogous p r o b l e m  for  the case  in which the lower  medium is an 
ideal  conductor,  i .e . ,  fo r  ~ = ~n, 1 /kZ(~n ) = 0 (~n < ~n-~)" 

We cons ide r  the following p r o b l e m  A: to find a solution of Eqs. (1)-(3) for  ~ > ~n, sa t i s fying the 
boundary  condit ions (4), and for  g = ~n sa t i s fy ing the conditions 

u~ : u.z = O, dua/ d~ = O. 

The a sympto t i c  for  the solution of p r o b l e m  A m a y  be  cons t ruc ted  in the s a m e  way as for  p r o b l e m  (1)-(4). In 
o r d e r  to e s t ima t e  the approx imat ions  and r e s idues  we may  f u r t h e r m o r e  make  use  of L e m m a s  1-4 if we de-  
fine the function Vmj = Rmj = 0 (m = 1, 2) comple te ly  for  ~ < ~n and the functions zjR s fo r  [ < ~n so that  
they belong to the space  H. T h e o r e m s  1 and 2 m a y  t h e r e f o r e  also be  r e g a r d e d  as  p roved  for  p rob l em A, the 
cons tants  Cmj not depending on ~n. 

The solubil i ty of the co r respond ing  equations (18)-(21) and (25)-(28) for  Vmj, zj, R m s  , R s in the case  
of  p r o b l e m  A follows f r o m  the e s t i m a t e s  (42)-(45), s ince Vmj , zj, R m s  , Rs  a r e  the solutions of o rd inary  
l i nea r  d i f ferent ia l  equat ions in each  of the s egmen t s  ( ~j,  ~j + 1) with continuous coefficients .  If we make  gn 
tend to - ~ ,  we deduce the solubil i ty of the co r respond ing  equations for  the Vmj - R s of the or iginal  p rob lem.  

As an example  of the appl icat ion of the a sympto t i c  so const ructed,  we may  give the solution to p rob lem 
(1)-(4) fo r  the upper  h a l f - s p a c e  when the function k~(~)  is p iecewise  constant  (each l a y e r  has  a constant  con-  
ductivity). In acco rdance  with (23) and (24) we have 

o o  

_ _ c r  - - o o  

X (e -q~ - -  e -qd~+~)) e--~[~(~--~')+~(n-n')dad~ + 
c o  c o  

PoIm ~R* I 1' e-q~162176 

t~~ R*~- [ [ e-q~ w-' R.. ;  (48) 

v o  c ~  

u~:=ws+u3o+ --g- u31+ R31 = s.~ - o_~o ,-~'o -e 

_ r.~,. ~ --qo(~+ ~) --~[a(~--~i)+[~(q--n,)l 
P'ol:~ i [ e . ~ e = e-qO(~.+l))e-~[~(~-~,)+~(u-u,)ldadl~ + _ _  __  :< 

_~-~ qo khB. 

i' i' e--qO(l+:)e--i[a(a--~')+f~(~l--'a')] X dad~ + 

• d~d[~ + ~" B* " ~I~) "~ ~t~ .... j (aI~z~ ++ ~ qoe-q~ + R'3', (49) 

w h e r e  following [7] 
/ k ' 

R,=cth[iktlhl+arcthkt--!~cth(ik,2h~+... kt,~ + arcth ( - -  ~ ) ) ] ;  

R.=cth[iktxh,+arcthk.  tUcth(iktuh~+.. .+arcth( \ t'tn-t//ktn ] ] ] '  

h~ = ~+~ - -  ~ .  
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We see from Eqs. (48) and (49) that for large b the dependence of the field in the upper medium on the 
paramete rs  of the lower media is the same for any direction of the radiator. The resultant asymptotic may 
be used in solving geophysical problems [7]. 
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